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CUHTES3 ONTUMAJIbHbIX YINIPABJIEHUN
AN HENMMMHEUHbIX OBbEKTOB

Nno KPUTEPUIO MAKCUMAJNBHOIO
BbICTPOAEUCTBMUA

B ctatbe npviBeneH anroputM CUHTE3a ONTUMAasIbHbIX YIpaBaeHWi 4151 HeJMHEVIHbIX agh@oMHHBIX MO YrpaBieHno 00b-
€KTOB 10 KPUTEPUIO MakCUMasibHOro ObICTPORENCTBUSA. VIcronb3yeMbivi MaTteMaTu4eckmii annapat — JMHeapu3auus
HbroToHa-KaHTopoBuya v annapar mMaTpuyHbix orepatopos. CTPyKTypa anroputMa BK/OYaeT credyroLyme sTanbi:
Ha MepBOM BbINOTHAETCSA JIMHEApU3aLns HEJIMHEVIHOV MaTeMaTn4eCcKovi Mogesim o6beKTa rno metogy HetotoHa-KaHTopo-
BUYa; Ha BTOPOM OCYLLECTB/IIETCS PEAYKUMIO 38[a44 CUHTE3a MO KPUTEPUO MUHUMASIEHOrO BPEMEHU MPpyU HaImyYmm
OrpaHNyeHnii Ha 3HepPIruio yNpaBrieHUs K 3afade CUHTe3a Mo KPUTEPUIO MUHUMYMAa SHEPIrM 4711 HaxoxaeHus (onrtu-
MaJsibHOIro) MUHUMAaJIbHOIroO 3Ha4eHVsi ICKOMOIo BPeMEHU; Ha TPETbEM BbIMNOHAETCA apameTpu3aLmns MaTeMaTn4ecKom
MoZenv 06beKTa yrpaBieHUs U HOBOIO KPUTEPUST Ka4eCcTBa C MCrob30BaHNeM annapara MaTpuyHbIX orepaTopos C r1o-
crieayoLmMM MoCTPOEHNEM ONMTUMATILHOO YrpaBieHns. YeTBEpTbIN, 3aKIOYUTEbHBIV 3Tar COCTOUT B peann3aLmm ute-
pauuvoHHoro rnpowuecca, npeanMcaHHoro Metogom HetoHa-KaHTopoBmya, — HaxoguTest onTuMasibHoe (MUHUMAIIbHOE)
3Ha4YeHne BpemMeHu. AJIrOPUTM CUHTE3a UIINIIOCTPUPYETCS MPUMEDPOM.
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SYNTHESIS OF OPTIMAL CONTROLS
FOR NONLINEAR OBJECTS BY THE
CRITERION OF MAXIMUM SPEED

The article presents an algorithm for synthesizing optimal program controls for nonlinear control-affine objects by the
criterion of maximum speedy. The mathematical apparatus used is the linearization of Newton-Kantorovich and the
apparatus of matrix operators. The structure of the algorithm includes the following steps at the first stage, the linearization
of the nonlinear mathematical model of the object is performed by the Newton-Kantorovich method; at the second stage,
we carry out the reduction of the synthesis problem by the criterion of minimum time in the presence of constraints on the
control energy to the synthesis problem by the energy minimum criterion for finding the (optimal) minimum value of the
sought time; at the third stage we perform parametrization of the mathematical model of the control object and a new
quality criterion using the apparatus of matrix operators with the subsequent construction of the optimal control. The fourth
final stage consists in realizing the iterative process prescribed by the Newton-Kantorovich method-there is an optimal
(minimal) time value. The synthesis algorithm is illustrated by an example.
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BeepeHue

Kputepun onTMManbHOCTM — MUHUMYM BPEMEHU
Ha BbINOSIHEHME Onepauumi yrnpaBieHnus — Hallen Lun-
POKOE MPUMEHEHME MpPU MPOEKTUPOBAHUN CRegsaLmxX
CUCTEM, UCMONb3yeMblX, Hanpumep, B NPOM3BOLCTBEH-
HbIX Mpoueccax, MOCKONbKy ObICTPOAENCTBME WX Bbi-
NnosnHeHust onpegenseT ux apdekTneHocTb. K HacTos-
LeMy BPEMEHWN HaKOMJIEH JOCTATOYHO 6OMNbLUION OMbIT
CUHTE3a ONTMMasbHbIX PEryasTOPOB U ONTUMAanbHOro
yrnpaBneHns MPenMyLLECTBEHHO JIMHENHbIMU OObEK-
Tamu No faHHoMy Kputeputo. CyLLecTBYHOT pasnmyHbie
noaxodbl 4N peLleHns yKasaHHOoM 3afayn 1 ans Henu-
HeMHbIX 0OBbEKTOB ynpasneHus [1-5], ogHako 3agaya
ABNAETCS BO MHOIOM HEPELLEHHOMN.

B pa6ote ogHOro n3 aBTopoB [6] 6bI1 NPenIoXeH
anropuTM CMHTE3a ONTUMAasbHbIX MO 6bICTPOLENCTBUIO
ynpasneHui ana HenvHenHbIX O6bEKTOB, UCNOSb3YI0-
WU MeToAdbl Teopun OMTUMASbHOrO ynpasneHus [7]
M npobnembl MOMeHTOB [8]. [aHHaa pabota ABNs-
eTca cBOeobpasHbiM MNPOOO/HKEHVMEM NpeablayLLen
paboTbl [6], B HEM MCNOMb3YETCsA aHanorn4yHas nocra-
HOBKa 3afayn, 4aCcTMYHO Te Xe MaTemMaTU4ecKkue MH-
cTpymeHThbI [9]. OgHako anropuTM CMHTE3a OTNiMyaeTcs
OT PacCMOTPEHHOr0, @ MMEHHO HaxoOuTCs ynpasre-
HWe, KOTOpoe NepeBoauT OOBLEKT U3 HayaslbHOro Co-
CTOSIHUS B KOHEYHOE; MMHMMalbHOE BPEMS npoLecca
HaxoguTCa Ons 3a4aHHOr0 3HA4YeHMsi HOPMbl B MpPO-
ctpaHctee L*[),T].

MocTaHoOBKa 3agaun
3afaH adUHHBIN N0 yNpaBieHno 06bEKT, OMNUCHI-
BaeMbIli ypaBHEHNEM

X(t)=F(X(1),0)+B(t)u(r), (1)

roe X(1)ER", u(t)ER".

TpebyeTcs cuHTe3npoBaTth yrnpasneHue u(f), nepe-
BoAsLLee 06BbEKT M3 Ha4anbHOro cocTosHUs X(7,) B KO-
He4yHoe cocTosiHne X(T) 1 MMHUMU3UPYIOLLIeE crnefyto-
LN KPUTEPUI:

()

Bygem npegnonaratb, YTO HEMUHENHbIN 06bEKT (1)
ABNAETCS BMNOSIHE YNPaBsieMbIM.

Mpn cnHTe3e onTUMaribHOro ynpaBfieHns no OaH-
HOMY KpUTEPUIO HEOOXOAMMO, YTOObI yripaBneHue u(?)
ObINI0 HEKOTOPbIM 06pa3oM orpaHu4eHo. Hawnbonee
yacTo 3TO orpaHMHeTHme no cune |u(f)] < C, orpaHu-

J(u)=}dt—>min. (2)

2
YeHue Mo SHeprum f|u(r)| dtv<C; v orpaHuyeHme
no nnowlaau I

T
flu(x)|dt=C,. (3)

Kak B1aHO, nNeBas Y4acTb yKa3aHHbIX HePaBEeHCTB eCTb
HOpMa ynpasneHus B npocTpaHcTee L”[1,,T], 1= p=.

3apada 0THOCUTCA K Knaccy 3agay MUHUMM3aummn npy
HanM4MM orpaHu4eHnss TMna HecTpororo HepaBeHCTBaA.
MvHMMYM [OCTUraeTcs, ecnv orpaHu4veHve SBNAeTCs
aKTMBHbIM, TO €CTb NepexoauT B paBeHcTBO. bynem pe-
LwaThb 3a4a4y CMHTE3a Mo KpUTEpUIO (2) Mpy OrpaHNHeHm
Ha 3Hepruio (p = 2), NOCKOMNbKY B JaSlbHENLLEM MOXHO
NoslyYuTb ynpasneHve no NpuHUMny o6paTHon CBA3W.

Anroputm cuHTE3a
ANropuTM COCTOUT M3 CNEeAYHLLMX OCHOBHbIX 3Taros:

1. JInHeapunsaumns HenmMHENHOW MaTeMaTUyeckon Mo-
nenv obbekTa no metogy HetoToHa-KaHTopoBmya.

2. HoBas popmynmpoBKa 3aga4m CUHTE3a MO KpuTte-
pvito (2) npu orpaHnydeHunn (3) Kak 3agaqv cuHTesa
Mo KpUTEPMIO MMHUMYMa 3Heprun ansa nogéopa (on-
TMManbHOro) MUHMMAasbHOMO 3HA4YEHWS BPEMEHN

3. MNapameTpuzaunsa maTeMaTMveckom MOZenu 06b-
eKTa ynpasfieHMsi U HOBOro (OyHKLMOHana Kaye-
CTBa; MOCTPOEHME OMNTMMAaNbHOro ynpaBeHus
Mo KPUTEPUIO MUHUMYMa SHEPTUN.

4. Peanusauus ntepaulmoHHOro npolecca, npeanucaH-
HOro MeTofom HetoToHa-KaHTopoBMya, — HaxoguTcs
onTumarsnbHoe (MUHMMASIbHOE) 3Ha4eHne BpemMeHn T.

JInHeapusaums matemaTu4ecKon Mopenn o6b-
eKTa ynpasneHust metoaom HetotoHa-KaHTopoBuya

[aHHbIn B NnMHeapusauun HEeOoOHOKPaTHO WUC-
nosb3oBasncs B paboTtax aBTopa [6, 9]. B pesynbraTe
NHeapusaumu ypasHeHue (1) pegyumpyeTcs B nocne-
JoBaTeflbHOCTb YpaBHEHWI B1aa

Xy (1)= A" (1) Xy (1)+ B(t)u (1) + Z* (1); @)
X (f)=X (1), k=0,1,2,...,
rne
A (1) = B (X, (1).1);
ZH (1) ==F(Xy (1).0) X (1) + F (X, (1).1):

X

(%)

Matpuua F;(X,(t),t) onpepensercs Tak:

, af;
F={fil=at - (6)
6xj o
i,j=l,n
JlnneapusoBaHHoe ypaBHeHue (4) sBnseTca avd-
dhepeHumnanbHbIM ypaBHEHUEM C MepeMEHHbLIMU KOSM-

duymneHTamu.

HoBas chopmynupoBka 3agayum cUHTE3a

3agady cdopmynupyem cregyrowmm  o6pasom.
Ons ob6bekta, onuMcbiBaemMoro ypaBHeHWeEM (4), He-
06X0OMMO HaWTW ynpasrieHue u(f), KoTopoe 3a (PUK-
cvpoBaHHoe BpeMsa T nepeBoauT ero M3 HavanbHoro
B KOHEYHOE COCTOsIHNE N 06ecnevmBaeT MUHMMAIIbHOE
3Ha4eHne Hopmbl ||u(r)] |L2[ NN HOBOTO KPUTEPWS Or-
TMManbHOCTU

1.T]
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T
J=f|u(t)|2 dr. (7)

Iy
Torpga pelueHne, obecnevmBatroLLiee MakCMmarnbHoe
ObICTPOOENCTBME, ONPEAENAETCA NO PELLUEHNIO 3a4a4K
B AaHHOW MOCTaHOBKe, W MuHMUMasnbHoe Bpems T .

COOTBETCTBYET Clly4alo, KOrga MuHUMAanbHas Hopma
[u(2) |L2[t0,T] =G

MapameTpusaumsa MaTemMaTU4eCcKOW Mopenu
06beKTa ynpaBiieHusi, HOBOro (pyHKLMOHana Kade-
cTBa n chopmMmpoBaHue HOBOW LienieBOW (hpyHKLMM.
MocTpoeHue onTUManbHOro ynpasJsieHUs

MapameTpm3aLmio MOXHO BbIMNOSHWUTL, UCMONbL3YS
KOHEYHOMEPHOE pas3sioxKeHMe B 3aJaHHOM OPTOHOPMMU-
POBaHHOM 6asvice cD={cp,.(t):i=1,_N, IE[IO,T]} X, (1),
Z(t) M u(t):

X k+1

(1= FT,(0)6: 24 ()= FT, () C%:afe) = FE, 1. 8)
roe I?Fn(t) I;i(t) — 6NOYHbIE MATPULbI, MOCTPOEH-
Hbl€ Ha OCHOBE 3JIEMEHTOB OPTOHOPMMPOBAHHOIO 6a-
anca @. Matpuupl CY, C* — cnekTpanbHble xapakTe-
pUCTUKK YHKUMIA X(7) 1 u(?) [6, 9].

MapameTpmsauma MaremMaTm4eckon mMogenn o6b-
eKTa ynpasfieHns COCTOUT u3 OBYX 3TanoB. BHavane
ocyLLecTBnseTca rnepexon OT AnddepeHumansHOro
ypaBHeHNs 06beKTa (4) K UHTErpasnbHOMY ypaBHEHUIO
®pegronbma 2-ro poga

Xia (f)‘X(’0)=fKA (1,7) X (1)d+
, - ©)
+[ Kp(t,v)u(v)dv+ [ K, (1,0) Z" (v)dv,1 €[4, T],

fy fy

rae agpa onpenenstoTcs cneayroLen 3aBMCUMOCTbIO:

K (t,7)=1(t-7)(4" (v));
Kp(t,t)=1(t-7)B(t); K, (t,7)=1(t-7),

a 3aTreM UCMNOoMb3yeTC KOHEYHOMEPHOE pasfoXeHue
yKa3daHHbIX (OYHKLMIA, KOTOPOE MO3BONAET MONY4YUTb
cnepyoLLyto hopMy ONMCaHNUs ypaBHEHNSI 0ObEKTA OT-
HOCUTENBHO CMEKTPasbHbIX XapakTepUCTuK [6, 91:

CX-C* = KACY + KPC" + K#C7, (10)
roe K4, KB, K%, — cnekTparbHble XapakTepucTuKu anep
K (1, 1), Ky(t, 1), KA?, T) — VHTErpanbHoOro ypaBHeHUs
onpenensTcs No N3BECTHbIM chopmMyam [6].

[MapamMeTpn30BaHHbIA  KPUTEPUIN  ONTUMANbHOCTU
B COOTBETCTBMU C (8) 6yaeT umeTb BUA

J=(C")TC“. (11)

CesxxeM HayasrlbHOe W KOHEYHOE COCTOSIHUS C Au-
HaMUKoN o6beKTa (MoACTaBUMM BMeCTO X (7), U u(?)

B ypaBHeHue (9) ux npegcrtaefneHve B opmMe pagos
®dypbe), NONYHUM
(1) (t,) = [ 4* (x) FT, (x) ¢ de +

tO

X k+1

o[ B(x)FT, (x) " dv+ [ FT, ()67 d.
tO tO

MNonaras t= T v BBOOs 0603HA4YEHUS

AT=}A"(1:)I?\Tn(1:)d1:;
t
o r__
BT=fB(r)FT1 (r)dt; ZT=fFT”(-c)d-c,
ly f

nveem

Xk+l

(T)—X(to) = ATC* + BTC" + ZTC? . (12)

Mo oTHOWeEHUO K yHKUMoHany (11) cooTHoLue-
Hve (10), cBa3biBatoLLee CrekTpasbHble XapakTepu-
CTVIKM BXOLHbIX U BbIXOAHbIX CUTHANOB Yepe3 OUHaAMUNKY
o6bekTa ynpasnieHus (4), a Takke COOTHoLLeHne (12),
CBA3bIBAKOLLIEE HaAYanibHOE W KOHEYHOE COCTOSAHUA
obbekTa C ero AMHaMWKOW, SABNSAIOTCA OrpaHuyeHu-
SIMW TUNa paBeHCcTBa. Taknum 06pa3oM, umeem 3agaqy
Ha YCNOBHbIN 3KCTPEMYM MO OTHOLLIEHWUIO K CNEKTparsib-
HbIM XapakTepucTMkam curHanoB X, ,(7) v u(r). OyHk-
umsa JlarpaHxa, cBogsLlas ee K 3ajadye Ha 6e3ycnos-
HbI SKCTPEMYM, UMEET BML

Lag(éx,é”,Al,A2)=
AT A ~ ~ ~ ~ N
- (c) Cr AT (CX _CNo _KACY _gBen —KZCZ)+ (13)
+A] (X, (T)- X (1) - ATCY - BTC" - Z7C7),

roe BeKTopbl A,, A, — HeornpenesneHHble MHOXWUTENM
JlarpaHxa.

Heobxognmble  ycnoBus MUHUMYMA  (PyHKLUUK
Lag(éX,é”,Al,Az) MO OTHOLLUEHMIO K €€ NepemMeHHbIM
ONpenensoTCs CNeaytoLLEen CUCTEMON YPaBHEHWIA:

dlag 0: dlag 0: dlag 0: dlag 0

aC" T aCY T aA, A,

i
20 (KB)TA (BT)TA - 0;
- 1 2= Y
T A T .
A= (4T) A= (K1) A =0; (14)
CX - CY_KACKX _KBC" —K?C? =0,

Xoa(T)-X(t)-AaT-C¥ =BT C"- 2T C” =0.

Cuctema (15) ecTb cncTema NmHeNrHbIX anrebpau-
YeCKNX YpaBHEHUI

SP=0 (15)

n A T
OTHOCUTENbHO BEKTopa P=[CX C" A, Az] , rhe
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T T
B
OanN ZIN><N _(K ) _(BT)
T T
A
S = OannN OanN IannN _(K ) - AT) .
A B
IannN -K -K OannN Oanl
-AT -BT O]an lel
Ole
Q_ Oanl
eIy <lecd ’
X(ty)= X, (T)+ Z1C?
roe [pxq — egunHun4Haa matpuua, Opxq — Hyneesaa ma-

TpyLa; MHOEKCbl BHU3Y MaTpul NoKasbiBalT ee pas-
MepHOCTb. MaTtpuua, obpaTHas en, ABnseTCa 651I04HHON:

Arlt]l\/ xnN Arll]2V xN Arl1]3\/ xnN Arllj‘\/ xn
S—] _ A12\71>< nN A]%JZXN A12\73>< nN A]%/tn
Afl]{/XI’IN Alil%/xN AEI;/XI’!N Aslz\‘/xn
A:lnN A:fN A;‘jnN A::n

M3 cuctembl (15) MOXHO BbIpa3uTb CnekTpasibHble
xapaktepuctukn C* n C* yepes cnekTpanbHble xa-
pakTepUcTUKn, onpedensaiowmne guHaMmmyeckme CBON-
cTBa 06bEKTa yNpaBneHWs U HavanbHOE M KOHEeYHOoe
COCTOSIHUS OObeKTa:

C'=4% CYya® (x(1)-X, (T))+V, (16)
NxnN Nxn 0 k+1

roe
V = (A ZT + ARy K7 )C7
C* <[ A (CT+ KZC7 )4 2TC7 [+ (17)
14
+AnN><n (X(t())_ Xk+l (T))
ManMU'bI AIISVan’ A111;‘Vxn’ A]2V3an n Ajz\/tn onpenens-
IOTCA Bblpa>XeHUsamMun
OannN
(0]
13 -1 NxnN
AannN = [IannNOanNOannNOann]S I ’
nNxnN
nxnN
nNxn
(0]
14 -1 mNxn
AannN = [IannNOanNOannNoann]S 0 2
nNxn
_Inxn
OannN
(0]
23 -1 NxnN
AannN = [OannNIannNOannNOann]S I ’
nNxnN
_Onan

nNxn

24 mNxn
AannN _[OannN IannN OannN .

0 ]S“

nNxn
nNxn

- O O O

nxn

MockonbKy chekTpanbHas xapakTepuctka C*
onpegefieHa, MOXHO HaWTW BblpaXeHne Ans OnTu-
MasibHOro ynpasreHus BO BpeMeHHon o6nactu. CooT-
BETCTBYIOLLEe BbIpa)KeHe UMeeT BUA

gy (1) = A2 (6.T.10) X (8 )+

(1) (1)~ Ko (7)) (1), 19

roe

—

FT (t)A23 E(t)dt,

A23 (t’T’IO) = n NxnN* n

S %"]

A (e)= FT,(¢) A3, V () = FT, ()7

BobipaxeHue (18) onpegenseT onTuMmanbHoOe yrnpas-
fNleHne, ocyLlecTBnsoLLlee nepeBo ob6bekTa U3 Ha-
4anbHOro ¢ha3oBOro CoCTosHUA X(7)) B KOHe4Hoe Cco-
cTosiHne X(7).

Peanunsauus nTepaumMoHHOro npouecca
no cxeme HolotoHa-KaHTopoBu4a u nopg6op (onTu-
MasibHOro) MMHMMAaJrbHOro 3Ha4yeHust BpemeHu T

BbipaxeHue (18), onpegensioliee onTUManbHoe
ynpaeneHue, 3anucaHo anga k + 1 utepauyuun. Ha kax-
OOM Llare UTepaLmMoHHOro npoLlecca HaxoamTes onTu-
MarnbHoe 3HadeHue BpeMeHn T. dyHkumoHan (7) aBns-
eTCcA PYHKLMEN He TONMbKO yrnpaBiieHns, HO U 3aBUCUT
ot BpeMmeHn T, T.e. J = J(T). MuHumaneHoe Bpemsa T
Haxo[MTCA NP BbIMOSIHEHUW YCIOBUS

T
J(u(x)) dx=c2, wam (€1) €= c2.
t[)

Taknum ob6pasom, 3afadva HaxoXpaeHus onTumalnb-
HOro 3Ha4eHust 7' MOXeT 6bITb onpeperneHa Kak 3agada
MUHUMU3aUMKU PYyHKUMK J(T) npu orpaHuyeHun tuna
paseHcTBa (C*)'C*-C2=0, 1 coOTBETCTBYIOLAN
hyHKUMA JlarpaHxa nmeet Bug

#(r2)=a(r)e| (&) é“-cj}.

MuHUMYM (PYHKUMW MOXET ObITb HangeH NobbiM
YUCNEHHBIM METOOOM.

3Haa ontumansHoe Bpems 7, dopmMupyem OnTu-
MasnibHOe MO ObICTPOAENCTBMIO yrpaBneHne, NOACTaB-
A5 B NpUBEAEHHbIE BbilLe hOPMYJibl €r0 KOHKPEeTHOe
3Ha4eHwue.

TMpumep

O6bLEKT ynpaBfeHns ON1CbIBAeTCA YpaBHEHVEM

X(1)= F(X(t),t)+Bl(t)U(t),
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